Functional SVD for Big Data

Pan Chao

April 23, 2014

PURDUE

Pan Chao Functional SVD for Big Data April 23, 2014 1/ 24



One-Way Functional SVD
Interpretation
Robustness
CV/GCV
Two-Way Problem
Big data solution (split-and-recombine)

Data split
Recombine

Simulation

Summary and furture work

Reference

Pan Chao Functional SVD for Big Data April 23, 2014 2 /24



ay Problem

To estimate the functional principle component of the data, we can use
SVD method. In order to incorporate the functional nature of the data,
regularization is imposed on the estimates.

The first regularized principle component for functional data can be
estimated by minimizing

(¥ — uvT) + Allul? /

where:
Y: data matrix, Y;; = Yi(t;).

u: first left vector.

v: first right vector, v; = v(t;).

Pan Chao Functional SVD for Big Data April 23, 2014 3/ 24



Remarks:
Smoothness is controlled by the tuning parameter \.
Adding ||u]|* to make the problem scale-invariant [Huang et al. 2008].

p(+) is the loss function which measure the fidelity of the rank-1
approximation. If p(-) = ||-||%, then least square.

Due to the theory of smoothing spline [Green & Silverman], the
integral has a matrix expression

/V"2 = VTQUV

QU = QRilQT

where

Q@ and R are two banded matrices depending on the discretization of
the data.
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1ing Spline

If Y has only one row, denoted by y, then requiring u = 1 results in a
standard smoothing spline problem:

p(x —v) + AT Q,v.
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If p(-) = ||-||5, the minimizer of v of the one-way problem without penalty
is

~ vIyTyy
V = argmax —————,
v vl

which maximizing the variance of the projected data on v. So ¥ is an
estimated PC direction.

With one-way penalty imposed, [Huang et al. 2008]

R vIyTyv
vV =argmax ——5————
v v+ AviQv
vIYTyv

= arg max

v vI(I+AQ)v
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Regression View [Zhang et al. 2013]

Let Y to be a column stack of the data matrix Y, and

u 0

0 u
U=

oo oo

0 0
If the loss function p(-) = ||-||* and u is given, the estimate of v for the
one-way problem without penalty is given by a linear regression:
v = (UTu) " Uty

If the one-way penalty is imposed, then we have Ridge-regression type
problem. The estimate of v is

o= (WU AlPe) Uy
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Robust sion [Zhang et al. 201.

Sometimes there may be outliners in the observed data, then we can use a
more robust loss function p(+) to replace the usual quadratic loss. For
example, Huber loss

2

z, if || <6
pla) =1 2
0 (=] — g) ,  O.W.
o ]
AN
e _
i
2 - E E
© | |

Pan Chao Functional SVD for Big Data April 23, 2014 8/ 24



Then the regression is analogous to a weighted least square problem
-1
v = (uTwu n )\Hu||2Q> uTwy,

where W is constructed from the weight matrix

N — Ui
W, — P (yij — uivy)
Yij — UiV
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Picking A

The smoothing parameter A can be chosen by leave-one-column
Cross-Validation. [Huang et al . 2008] [Zhang et al. 2013]

No robust: Let Ay = (I + \Q)~!, then the CV and GCV scores are:
1§:( {(I - Ay) YTu}J>
mi4 1= {Ax};
LS (I = A YTu?
Gy - EZsalld = A0 YTl
(1—"Tr (Ay) /m)
Remark:

If CV is defined to be leave-out-one-column, no computational
simplification.
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—1
Robust: Let A, = U (uTWU + )\|]u|\2§2> UTW, then

116 _ o*|2
wllv = vl
(1—"Tr(Ay) /m)*’

GCV()) =
where
N T 26\ L, T
v = (u WU + A|ul| Q) UTWy
vt = (WU T UTwy
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v Problem

If both directions of data are considered as functions, then a two-way
version is to minimize

p(¥ —uvT) + A ful? / o 4 v / W 4 ol o] / o / W,

where we added the penalty for the second direction and an interaction is
introduced.

p(-) can be chosen to be a robust loss.
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Estimation [Zhang et al. 2013]

The estimates of v and u can be updated iteratively (IRLS) as:

v = (UTWU +20) " UTWY
Qupu =’ (I + M) u(l +AQy) —u’ul

o= (VWY +20,,) VW
Quy =V (T +AQ) v (I + X)) — v vI
The hat matrices are:
H=U (UTWU +20y,) " UTW
He =V (VIW*Y +20,,) " VW
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1—Tr(H) /n
o = (UTWU) T U WY
GOV (AalAy) = ! la—a N7
uldv) =2 1 —Tr(H*) /m

Remark: Leave-out-one-column/row CV criteria.

Pan Chao Functional SVD for Big Data April 23, 2014 14 / 24



olism for One-Way Problem

The number of rows is large while the number of columns is moderate.
Equally-spaced common grids are assumed. The smoothing parameter is
forced to be the same for all subsets.

Q Split data
Q@ Estimation for one block

@ Recombine

@ Simulation result
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Split Data

[y Y12 Yim ]
Y21 Y22 Y2m
yn.ll Ynq2 Ynim

Yni+1)1 Yni+1)2 Yni+1)m

Y = Y(ni+no)l  Y(ni+ny)2 Y(ni+na)m

Yn—ng)l Yn—ng)2 Yn—ng)m

L yr.n Yn2 Ynm

Remarks:

Q Each subset is a block of the data matrix.

- nXm

@ The size of the subests are the same except the last one. (The total
number of rows may not be divisible by an integer)
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When penalty is imposed in one direction (say v), a SVD direction can be
estimated for each subset and they can be combined to recover the result
when the whole matrix is used.

For kth subset,

Vi = UL Wiy, + 2Dy, u )~ U Wi

ka|uk = ||uk||2)\VQV

a, = (VIWEV + 2, )~ VEWEE.

T
Quklvk = AV Qyvy
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Recombining

-1

K K K
VO= 1IN Wty | +2) " Quu | D (MW + 20, 1,) Vi)
k=1 k=1 k=1

ﬁ(C) - (ﬁlvﬁQa' o 7ﬁK)
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Algorithm

initialize u = a(® using SVD;
split Y and a(®);

iter = 0;
tol = 99999;

while localdiff>tol and iter<maxiter do
initialize parallelism;

estimate \7( 2 using ﬁgj);
stop parallellsm

recombine v(l) s to get v(it1);

initialize parallelism;

estimate u(”rl)

stop parallellsm

recombine u(H' )

s to get a(it1);
Y = al+D G+ T,

localdiff = distance(Y — Y);

end
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Simulation

7 replicates, 1000 x 200 data matrix, number of cores 1 — 10, smoothing
parameters seq(0, 2, by=0.1).

Average Elapsed Time vs CPUS
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Logarithm of Max Pointwise Discrepency
(Fixed Data Set and Fixed Smoothing Parameter)
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One-way functional SVD and its interpretation.

Estimation and smoothing parameter selection for a one-way problem.
Big data problem, i.e. too many curves, and parallelism.

Simulation results, efficiency and accuracy.
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Future

Adding GCV for the one-way problem.

Parallelizing two-way problems.
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